Abstract. This paper focuses on the group consensus issue of multi-agent systems, where the agents in a network can reach more than one consistent values asymptotically. A rotation matrix is introduced to an existing consensus algorithm for double-integrator dynamics. Based on algebraic matrix theories, graph theories and the properties of Kronecker product, some necessary and sufficient criteria for the group consensus are derived. where we show that both the eigenvalue distribution of the Laplacian matrix and the Euler angle of the rotation matrix play an important role in achieving group consensus. Furthermore, we show that the agents will eventually keep moving on a linear pattern, cylindrical spiral pattern, and logarithmic spiral pattern when the damping gain is above a certain bound, the Euler angle is below, equal and above a critical value. simulated results are presented to demonstrate the theoretical results.
Introduction
In recent years, multi-agent systems have various applications in widely fields such as flocking or swarming in animal behaviors, energy networks and telecommunication networks, opinion systems and data mining. the coherent behavior of the agents caused the emerging phenomenon in terms of flocking and consensus, in which the agents reach final agreement on controlled variables of interest. There are many interesting research results on consensus problems for multi-agent systems [1] - [4] . However, Due to the changes of situations or cooperative tasks, the consensus values may be different for agents from different subnet-works, in [5] , group consensus was introduced, where the states of all agents in the same sub-network reach the same consistent value while there is no agreement between any two sub-networks. group consensus problems for dynamic multi-agent systems were investigated by many researches [6] - [9] , in [6] , By introducing double-tree-form transformations, solve the first-order group consensus problems in networks of dynamic agents under switching topologies and when exist time-varying communication delays. in [7] , By graph theories and matrix theories, solve the first-order group consensus problems of multi-agent systems with directed information exchange. in [8] , By algebraic matrix theories, graph theories and the properties of Kronecker product, necessary and sufficient condition for the group consensus of multi-agent systems is established. in [9] , By provided consensus protocols for double-integrator dynamic multi-agent systems solve the group consensus problems for networks with fixed communication topology. Inspired by the above analysis, this paper will investigate the group consensus of multi-agent model using a distributed protocol with Cartesian coordinate coupling matrix. The main contribution of this paper is to establish three flocking patterns with the rotation angle variation of coupling matrix.
This note is organized as follows. In Section 2, Some basic definitions and supporting results are presented. Section 3 contains the main results, and numerical results are presented in Section 4.
Notations. Throughout this paper, the following notations are used: the superscripts T stand for matrix transposition, respectively; [1,. 
Problem Formulation
In this section, we consider the difference system
where
are the position, velocity and control input associated with the i th agent. Couple-group consensus requires that the first n agents reach one consistent value, whereas other m agents reach another consistent value. Denote } ,...,
Throughout the paper, we assume 1  n and 1  m . Motivated by consensus protocols in [3] , [9] , the following consensus protocol is proposed: (2) is said to reach couple-group consensus asymptotically if for any initial conditions, we have:
Before moving on, we make the following assumption as in ( [5] , [7] )
In this paper, we assume that the information communication topology is time invariant and ij a is constant. The problem to be addressed in this paper is to establish conditions under which pattern can be achieved by applying proposed parameter.
Main Results
In this section, algebraic graph theory, control theory, and matrix theory are used to derive the main results of the paper. we aim to establish algebraic criteria for protocol (3) asymptotically solving the couple group consensus problem. Let
then the system (2) can be written as
With
being defined as (1). To proceed with the analysis, we first present a necessary lemma about L and restate its proof to derive two important vectors, which will be used in this paper.
Lemma 3.1 ([9]) Under Assumption 21,
L has a zero eigenvalue whose geometric multiplicity is at least two.
1 q and 2 q are two linearly independent right eigenvectors of L associated with zero eigenvalues. 
with associated right eigenvectors : ,when L has an eigenvalue 0 of multiplicity two, C L  has an eigenvalue 0 of multiplicity six,  has an eigenvalue 0 of algebraic multiplicity twelve, geometric multiplicity six. CI  , the couple-group consensus of multi-agent system (2) can be achieved, furthermore, we have
(ii) let CI  , then (4) can be written as
Note form lemma 33 that each eigenvalue 
is on the imaginary axis. In particular, if
has negative (respectively, positive) real parts. Because 
0I
, Let us pretend that
